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ABSTRACT

On airless bodies such as the Moon and cometary nuclei, volatiles redistribute and escape through the surface porous regolith layer. Under a
highly vacuum environment, volatiles migrate through porous media via Knudsen diffusion, where volatile molecules rarely collide with each
other and instead jump directly from one solid surface to another. Although Knudsen diffusion in microscopic confinement can be
numerically resolved by Monte Carlo-based methods, studying its upscaled behavior at the representative elementary volume scale remains
challenging due to the high computational cost and inherent geometric and kinetic randomness. In this paper, we develop a probability-
based pore network modeling (p-PNM) approach to model upscaled Knudsen diffusion behaviors in porous media. This approach is inspired
by the duality of the molecular motion trajectories: volatile transport in pore-bodies satisfies the Markov property (the exit probability of mol-
ecules is independent of their residence time), while that in pore-throats does not satisfy the Markov property. This p-PNM approach is vali-
dated in ball-stick geometries and typical sedimentary geometries, with geometric randomness, surface adsorption energy heterogeneity, and
temperature gradients. It enables upscaled modeling of volatile transport through regolith on airless body surfaces, for geoscience research
and for in situ recovery of resources on the Moon and other airless bodies.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0284757

I. INTRODUCTION

In certain regions of airless bodies, such as the Moon and come-

infinity. Such conditions correspond to Knudsen diffusion or free
molecular flow,”””" where molecules are interrupted solely by mole-
cule-wall collisions. Unlike nanoscale systems (e.g., shale and cata-
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tary nuclei, volatile components—such as water, carbon dioxide, and
methanol—migrate and redistribute through the surface regolith.'
The surfaces of comets” or lunar regolith” are composed of loose and
weakly-bound particles with high porosity (50%-80%)"” representing
sedimentary structures.” The retention, abundance, distribution, and
escape dynamics of volatiles within such sedimentary media are of
great geochemical significance,”'”'" and are also crucial for in situ
recovery of ice deposits.””

Under extremely high vacuum conditions, volatile molecules
migrate through intergranular voids in regolith, where pore dimen-
sions are orders of magnitude smaller than the molecular mean free
path. This regime is quantified by the Knudsen number (K#), defined
as the ratio of molecular mean free path to characteristic pore size.'®
On the lunar surface, for instance, gas densities (1 x 10* - 2% 10°
molecules/cm?),’ temperatures (29-400K),'”'® and regolith grain sizes
(1.40-9.35 um, covering 95% of Chang’e-5 samples)'” yield exception-
ally high Kn values (1 x 10" to 1.8 x 10'*), effectively approaching

lysts”>*’) that also exhibit high Kn, regolith pores are notably larger,
typically ranging from 1 to 10 um (comparable to particle size) and
potentially up to 100 um in some estimations.'’ This large pore size
allows molecules to maintain straight-line trajectories between collisions
with solid walls, as van der Waals interactions are only effective within a
few nanometers.”* Consequently, the Knudsen diffusion coefficient is
primarily governed by the geometric configuration of the porous
matrix. Knudsen™ proposed the calculation of the Knudsen diffusion
coefficient Dy, based on the infinitely long and straight circular tube

1
DK” :§?d7 (1)

where d is the tube diameter or characteristic pore size,” and ¥ is the
mean speed of gas molecules. For finite-length channels, the length-
to-diameter ratio becomes important, and the Clausing formula’’
can be adopted.
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Unlike that in straight tubes, varying geometric confinements
largely complicate the modeling of Knudsen diffusion in porous
media such as lunar regolith. To correlate the transport phenomena
in straight tubes and in porous media, a commonly adopted and
intuitive approach is to introduce “tortuosity,” defined as the ratio of
the actual flow path length to the direct path length.”**” However,
this method is not physically valid for Knudsen diffusion because
the local Knudsen diffusivity [defined by Eq. (1)] is ill-defined, since
the characteristic pore size is unclear.”””’ Russ’' calculated Knudsen
tortuosity in disordered linear pores by dividing them into analyti-
cally tractable subunits. Yet, this approach is limited to specific
structures. Alternatively, the Derjaguin formula™"’ links the
straight-line trajectory length distribution (determined by pore
structure) to the diffusion coefficient. However, it relies on molecu-
lar trajectory data and cannot directly relate geometry to diffusivity.
In addition, for layered structures, diffusion coefficients can be cal-
culated using the transmission probabilities of gas molecules through
the layers.” Despite these efforts, bridging the gap between local
porous structures and upscaled Knudsen diffusion in a general and
predictive way is still highly challenging.

In this study, we develop a probability-based pore network model
(p-PNM) that predicts Knudsen diffusion coefficients directly from
pore structure characteristics. We first conduct Monte Carlo numerical
experiments of Knudsen diffusion in porous media to investigate local
trajectory (Sec. IT). We then show the rationality and necessity to estab-
lish the p-PNM model for Knudsen diffusion in porous media accord-
ing to observations in numerical experiments, describe the p-PNM
algorithm, theoretically derive key parameters, and verify this frame-
work against numerical experiments (Sec. I1I). At last, we demonstrate
the application of the p-PNM approach in upscaling pore-scale charac-
teristics to the REV scale and provide examples illustrating its capabili-
ties in modeling heterogeneous media and temperature-driven
diffusion (Sec. I'V).

450
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Il. NUMERICAL EXPERIMENTS
A. Algorithm

We adopt the test particle Monte Carlo (TPMC) method for
numerical simulation of volatile diffusion in porous media under the
infinite Kn condition. TPMC is a particle-based stochastic simulation
method™ that simplifies molecular simulations by disregarding mole-
cule-molecule collisions and focusing solely on molecule-wall colli-
sions. This method is well-suited for modeling free molecular flow,
which inherently corresponds to a large Knudsen number. The versa-
tility of the TPMC method has been demonstrated in diverse applica-
tions, including the analysis of space vehicles,”® particle accelerators,””
and fibrous porous media.”®

The approach for a porous medium is as follows:

(1) Compute the signed distance (the shortest distance from any

point in space to the solid wall) in the’ field of the porous

media. Positive signed distance values correspond to void
regions, while negative values correspond to the solid matrix.

Initialize the coordinates and velocities of all simulated

molecules. The molecular velocities follow a Maxwell-

Boltzmann distribution at equilibrium, with both direction and

magnitude satisfying the statistical distribution [Eqs. (2) and

(3)]. For the simulation of molecular self-diffusion, the initial

condition is established by placing self-diffusion molecules at

the origin with velocities sampled from the Maxwell-Boltzmann
distribution.

(3) Simulate the molecular motion to obtain trajectories. Molecules
travel in straight-line segments until they collide with solid
walls, adsorb, reflect, and then continue moving in straight lines
[see Fig. 1(a)]. We employ the ray tracing method,**" where, at
each step, the molecule moves by the signed distance from its
current position unless it’s close enough to the wall. When the
signed distance of the arrival point decreases below a

2

~

FIG. 1. (a) 2D projection of a simulated
molecular trajectory varied with dimen-
sionless time (t* = Vt/R), consisting of
straight-line  segments connecting two
molecule-wall collision points (dots). (b)
Diagram of diffuse reflection. The direction
of molecular reflection (black arrow) is
independent of the incident direction (red
arrow), and the probability of reflection
into a solid angle (dQ) is proportional to
the cosine of the reflection angle (6). (c)
The periodic 3D structure used in the sim-
ulation is the ball-and-stick structure. It
consists of spherical pore-bodies con-
nected by cylindrical pore-throats. The
centers of the pore-bodies are distributed
at the vertices of the cubes. Each periodic
unit consists of a pore-body surrounded
by six half pore-throats. The geometric
parameters include pore-body radius (R),
pore-throat radius (r), and pore-throat
length (L).
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predetermined threshold, adsorption and reflection occur (see
supplementary material Sec. 1 for threshold settings).

The reflection is diffuse [see Fig. 1(b)] under the assumption of
local thermal equilibrium. The probability density functions for the
reflection speed v and angle 0 are derived from the Maxwell-
Boltzmann distribution***’ and are given by

fv) =2, )

£(0) =sin(20), 0 € [oﬂ 3)
Here, ff=m/(2kgT), where m is the molecule mass, kg is the
Boltzmann constant, and T is the temperature. The reflection angle 0
is defined as the polar angle between the reflected velocity vector and
the surface normal, where 0 € [0, 7/2] ensures physical validity (nega-
tive angles would correspond to unphysical penetration into the solid
wall). The molecules adsorbed on the wall for a period of time, satisfy-
ing the exponential distribution™*

o=k

lad

. (4)

Here, t,; represents the average adsorption time. The feature is
included to represent the physical processes of adsorption and conden-
sation on regolith particles,’' particularly under low-temperature
conditions.

B. Porous media computing domain

We first adopt periodic ball-and-stick structures for testing in
Secs. 1I and III, as illustrated in Fig. 1(c). Such geometry
corresponds to typical pore network models for sedimentary
media.”” The structure consists of spherical pore-bodies connected
by cylindrical pore-throats, with the centers of the pore-bodies
located at the vertices of the cubes. Each periodic unit includes a
pore-body surrounded by six half pore-throats. Geometric variables
include: pore-body radius (R), pore-throat radius (), and pore-
throat length (L). The pore-throat length includes the spherical
crown height at the two body-throat junctions. Additional geomet-
ric constructs are employed in Secs. I1 C and IV A for algorithm vali-
dation purposes.

Molecular trajectories scale with the structure, so we can simply
adjust the medium geometry by varying the dimensionless pore-throat
radius (r* =r/R) and dimensionless pore-throat length (L* = L/R). To
prevent the overlap of pore-throats connected to the same pore-body,
" must not exceed 0.707.

Previous studies show granular or sedimentary media are of
pore-throat length-to-diameter ratio mostly ranging from 0.25 to 5,
and of pore throat-to-body aspect ratio ranging from 0.6 to 0.7."** In
this study, we vary these parameters in much larger ranges: pore-
throat length-to-diameter ratio from 0.15 to 12, and pore throat-to-
body aspect ratio from 0.1 to 0.7.

C. Determination of the diffusion coefficient

The diffusion coefficient, Dy;,, is measured using the Einstein
. . . 29,49
relation for self-diffusion

ARTICLE pubs.aip.org/aip/pof

Dgn = ¢((I(1))*) /6, (5)

where ¢ represents the porosity, and ((I(t))?) is the mean square dis-
placement (MSD). The porosity is included to ensure that the data
aligns with FicK’s first law (see supplementary material Sec. 2). Since
the molecular trajectories are velocity-invariant, the dimensionless dif-
fusivity (Dg,,,) is calculated as

D;‘m = Dsim/(RV)~ (6)

Here, v = /8kg T /mum is the mean velocity of a gas molecule.

For each specific structure, 10000 test molecules are simulated,
and MSD data are collected at different times. As shown in Fig. 2(a),
the MSD scales linearly with time, consistent with Eq. 5. The diffu-
sion coefficient is computed by performing a linear fit of MSD vs
time. Due to the inherent randomness in molecular trajectories, var-
iations exist between the results from different simulations. To
account for this, we divide the 10000 molecules into ten subgroups
(each containing 1000 molecules) and perform independent linear
fits to obtain separate diffusion coefficients. These subgroup coeffi-
cients serve as statistical samples of the theoretical diffusion coeffi-
cient and the overall diffusion coefficient of 10000 molecules (D7)
is the mean of these subgroup values. Using a one-sample t-test,”’
we evaluate whether this sample mean (D}, ) agrees with the popula-
tion mean (theoretical diffusion coefficient). The resulting 95% confi-
dence intervals for the theoretical value are found to be an order of
magnitude smaller than the sample mean, demonstrating robust sta-
tistical reliability of our simulations.

To validate the algorithm, we run a self-diffusion simulation in
an infinitely long circular tube and calculate the diffusion coefficient.
The dimensionless diffusion coefficient calculated for a tube with a
dimensionless diameter of 3 (three times the characteristic length scale
for normalization) is 1.01, while the theoretical value [Eq. (1)] is 1. We
further verify the method by simulating straight tubes with square and
elliptical cross sections, obtaining diffusion coefficients that consis-
tently match their respective theoretical values’' (see supplementary
material Sec. 3). These results collectively confirm the accuracy and
robustness of our method.

D. Diffusion coefficient result

First, we investigate the relationship between the diffusion coeffi-
cient and geometrical parameters. As shown in Figs. 2(b) and 2(c), the
dimensionless diffusion coefficient is plotted as a function of L* for r*
values of 0.1 and 0.2, and as a function of r* for an L* value of 0.5,
under conditions of no adsorption. The simulation reveals an intuitive
relationship: the diffusion coefficient is negatively correlated with
pore-throat length (L") and positively correlated with pore-throat
radius (r*) when another geometric parameter is held constant.

The adsorption effect reduces the self-diffusion rate. As shown in
Fig. 2(d), for a structure with L* =0.41 and r* = 0.1, the self-diffusion
coefficient decreases as the average adsorption time (£%; = Vt,4/R,
characterizing the ratio between adsorption time and flying time)
increases. When the average adsorption time is significantly larger
than the flying time (¢, > 1), the self-diffusion coefficient is inversely
proportional to the average adsorption time. This occurs because, for
the same displacement, the time required is proportional to the num-
ber of collisions and, consequently, the number of adsorptions.
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FIG. 2. (a) Mean squared displacement (MSD) vs time for: 10000 molecules (black dashed), linear fit (blue solid), and ten subgroups of 1000 molecules (gray dashed). (b)
Dimensionless diffusion coefficient as a function of L* for r*=0.1 and 0.2, under conditions of no adsorption. (c) Dimensionless diffusion coefficient as a function of r* for
L*=0.5, under conditions of no adsorption. (d) Dimensionless diffusion coefficient as a function of the dimensionless average adsorption time (t};), for L*=0.41 and r*=0.1.

When t?, exceeds 10, the diffusion coefficient is inversely proportional to t;.

We note that £, > 1 is very common on extraterrestrial surface rego-
lith, as discussed in supplementary material Sec. 4.

I1l. PROBABILITY-BASED PORE NETWORK MODELING
APPROACH

Although the TPMC method effectively simulates Knudsen diffu-
sion in porous media, its computational cost becomes prohibitive at
large spatial and temporal scales. Furthermore, the algorithm inher-
ently introduces statistical fluctuations, necessitating extensive simula-
tions to ensure accuracy and convergence.

To overcome these limitations, we develop a probability-based
PNM approach that utilizes pore-scale information to enable simula-
tions at larger scales. In this approach, we use the probability of the
molecule being inside a particular geometric structure to represent the
volatile spatial distribution, replacing the gas concentration, as the lat-
ter is excessively stochastic in low-density conditions.

A. Pore body-throat duality
1. Duality of molecular trajectory properties
The motion of gas molecules during Knudsen diffusion is gov-

erned by the geometry of porous confinement. We analyze
statistical properties of molecular trajectories obtained from TPMC

simulations to investigate the structural characteristics of porous
media.

The molecular trajectory length distribution exhibits dual charac-
teristics. As shown in Fig. 3(a), the distribution of the dimensionless
molecular trajectory length (s* = s/R, the length of the straight-line seg-
ments of molecular trajectories normalized by R) for a structure with
r*=0.1 and L* = 2.01 exhibits two peaks. These peaks correspond well
to the diameters of the pore-body and pore-throat, respectively.

The residence time of molecules in a periodic unit [see Fig. 1(c)]
also exhibits dual characteristics. As shown in Fig. 3(b), the distribu-
tion of the dimensionless residence time (t* = ¥t /R) within a periodic
unit [see Fig. 1(c)] is calculated for a structure with r*=0.5 and
L/2r=0.47 and 10.27. The residence time represents the duration
from when a molecule enters a unit until it leaves and moves to
another unit. For systems with short pore-throats (L/2r = 0.47), where
the structure is predominantly composed of pore-bodies, the logarith-
mic probability density is linear, corresponding to an exponential
distribution. This characteristic demonstrates that the unit, ie., the
pore-body, exhibits the Markov property, meaning the probability of a
molecule exiting a pore-body is independent of its residence time
within it. In contrast, for systems with long pore-throats (L/2r
=10.27), where the structure is primarily comprised of pore-throats,
the distribution curve transitions to a concave shape. This suggests
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FIG. 3. (a) Distribution of dimensionless molecular trajectory length. Data are obtained from TPMC simulations with r* = 0.1 and L* =2.01. (b) Distribution of the dimensionless
residence time within a periodic unit. Data are obtained from TPMC simulations with r* = 0.5 and pore-throat length-to-diameter ratios (L/2r) of 0.47 and 10.27.

that, unlike pore-bodies, a pore-throat does not obey the Markov prop-
erty, which means that the probability of a molecule exiting the pore-
throat is influenced by its residence time within it. In addition, for
both distributions, the probability of very short residence times is low,
as leaving a unit requires a finite amount of time.

2. Distinct diffusion behaviors in the pore-body and
pore-throat

The molecular trajectory duality, especially in the Markov prop-
erty applicability, implies the necessity to separately characterize the
diffusion behaviors in the pore-body and pore-throat for upscaled
modeling.

As shown in Fig. 4(a), we analyze the directions in which mole-
cules exit a pore-body or pore-throat relative to their entry directions.
To simplify statistical analysis and facilitate clear interpretation, all
molecules are set to enter from the —x direction by rotating the coordi-
nate system. Pore-bodies have six possible exit directions: —x, x, —V, Y,
—z, and z. Therefore, pore-throats have only two exit directions: —x
and x. The statistical data are obtained from TPMC simulations with
r*=0.2 and length-to-diameter ratios of 0.2 and 10.1. Figure 4(b)
shows that the exit direction of molecules from a pore-body is uni-
formly distributed and independent of the entry direction. We classify
structures exhibiting this property as Knudsen-isotropic, whereas those
lacking it are termed Knudsen-anisotropic. However, for pore-throats,
the exit direction depends on the length-to-diameter ratio [see
Fig. 4(c)]. Molecules passing through shorter pore-throats are more
likely to exit in the same direction as they entered (+x), while mole-
cules passing through longer pore-throats are more likely to exit in the
opposite direction (—x). We refer to these as the same-direction mole-
cules and opposite-direction molecules, respectively. This phenome-
non demonstrates that pore-throats act as Knudsen-anisotropic
structures.

In summary, pore-bodies and pore-throats exhibit distinct prop-
erties in history-dependency and in Knudsen-isotropy:

(1) Pore-bodies satisfy the Markov property that the probability of
a molecule exiting a pore-body is independent of its residence
time within it; in contrast, pore-throats do not exhibit this

property.

(2) Pore-bodies are Knudsen-isotropic that the exit direction of
molecules from a pore-body is uniformly distributed and inde-
pendent of the entry direction; in contrast, pore-throats are
Knudsen-anisotropic.

This distinction between pore-body and pore-throat allows us to
consider the PNM method for upscaled modeling, which simplifies the
complex void space of porous media into two basic structures: pore-
bodies and pore-throats that connect them. We therefore develop a
probability-based PNM algorithm to simulate Knudsen diffusion and
obtain the upscaled diffusivity.

B. Algorithm
1. Probability-based PNM framework

As the physical context is a rarefied gas, interactions between gas
molecules are negligible, and physical quantities exhibit significant
fluctuations. As a result, pressure and concentration are unsuitable for
representing the spatial distribution of the gas system. Instead, the
p-PNM algorithm uses the probability of a molecule residing in a spe-
cific structure, i.e., pore-body or pore-throat, at a given time to repre-
sent the volatile spatial distribution. If the total number of molecules is
known, the product of this probability and the total number yields the
expected number of molecules in a structure at any time.

The mass transfer is expressed by the transfer probability of a
molecule between two structures per unit time interval. The transfer
probability is positively correlated with the time interval and inversely
correlated with the distance between the two structures. We only con-
sider the transfer probability between adjacent structures for simplicity
as a first-order approximation. By calculating the transfer probabilities
between all adjacent structures at each time step, the probabilities of
molecules residing in all structures can be updated.

We denote the probability of the molecule residing in pore-body i
and pore-throat j as p; and p;. Each pore-body is assigned a tempera-
ture T; to represent the temperature distribution, and the temperature
of the pore-throat is set as the average of the two adjacent pore-bodies.
The average adsorption time of the molecules on the solid wall is
denoted as f,4.

As shown in Fig. 5, for each time step (At), the algorithm repeats
the following four steps:

Phys. Fluids 37, 096608 (2025); doi: 10.1063/5.0284757
Published under an exclusive license by AIP Publishing

37, 096608-5

0€:€0:7L G20z Joquaidas 60


pubs.aip.org/aip/phf

Physics of Fluids

(b)0.25
mL/(2r)=0.2
= L/(2r)=10.1
02 (2r)
2015
=
£
S 041
0.05
0
-z -y -X X y z

robabil

ARTICLE pubs.aip.org/aip/pof

ul/(2r)=0.2
mL/(2r)=10.1

opposite(-x) same(+x)

FIG. 4. (a) Diagram illustrating the setup for (b) and (c). The molecules are set to enter from the -x direction by rotating the coordinate system, and the exit directions are
counted. (b) and (c) Probability of the exit directions of molecules in pore-bodies and pore-throats. Data are obtained from TPMC simulations with r*= 0.2 and length-to-diame-

ter ratios of 0.2 and 10.1.

(1) Calculate the transfer probability L{",; from pore-body i to each
connecting pore-throat j at the mth time step.

L' = pl"Ppic, )

where p!" is the probability of the molecule residing in pore-
body i at the m-th time step and P,; ; is the exit probability of
a molecule in pore-body i within one time step At. Since the
pore-body is Knudsen-isotropic, P,; .; depends only on the
pore-throat radius. In addition, since the pore-body satisfies the
Markov property, P, ;_; is calculated by evaluating the cumula-
tive distribution function (CDF) of the exponentially distributed
pore-body residence time at the specified time At.

Calculate the transfer probabilities of molecules in pore-throat j
to the two adjacent pore-bodies i; and i, at the m-th time step.
Since the pore-throat is Knudsen-anisotropic, molecules coming
from the two adjacent pore-bodies (i.e., two directions) are
counted separately, and the transfer probabilities to two adja-
cent pore-bodies are also calculated separately. In addition,
since the pore-throat does not satisfy the Markov property, the
exit probability is related to the residence time of molecules.
Therefore, the transfer probabilities from the pore-throat to
adjacent pore-bodies need to account for molecules with differ-
ent residence times and motion directions (i.e., same-direction
and opposite-direction) separately.

(2

~

@3

The transfer probabilities of molecules in pore-throat j to the
two adjacent pore-bodies i; and i, at the m-th time step are
given by

K-1

QL =y Lk (Ffﬂ - Ffj) (1= Pyj) + L1775 (Ffﬂ _ FS’()P%
k=0
(®)
K-1
Q= S LR = B )Ry (R - B (1 - By,
k=0
©)

where P;; represents the proportion of same-direction mole-
cules in pore-throat j, k is the time step index, and Ff (or Fsk)
represents the probability that the residence time of the
opposite-direction (or same-direction) molecules in pore-throat
j is shorter than kAt. To simplify the calculation, the residence
time of molecules in the pore-throat is truncated to a maximum
of K time steps. To ensure conservation, FX and FX are set to
unity. For computational simplicity, the algorithm assumes that
Py is independent of residence time. Although this assumption
does not hold, it does not significantly impact the final result.
(See supplementary material Sec. 5)

Calculate the change in the probability of the molecule residing
in pore-body i at the m-th time step.

~

Phys. Fluids 37, 096608 (2025); doi: 10.1063/5.0284757
Published under an exclusive license by AIP Publishing

37, 096608-6

0€:€0:7L G20z Joquaidas 60


https://doi.org/10.60893/figshare.pof.c.7988804
pubs.aip.org/aip/phf

Physics of Fluids

Initialization:
e Pore network generation
e Residence probability p;

Y

Parameter calc‘tjlation:
] k
Pp.i—»j»P!.j,Fo ,Fs 5Tt

Y

> body-to-throat mass transport
L m

i—j

Y

throat-to-body mass transport
QT%iy0 Qs

Y

renew spatial distribution

m m+1
pi. — P

l

no

end

m+1l __ .om m m
pi =P — Zj (Liﬂj - Qjﬂi)’ (10)
where j represents all pore-throats connected to pore-body i.

In addition, the probability of the molecule residing in pore-
throat j at mth time step is

m o__ K m—k _ ~ym—k
b= Zi:il,iz Zk:o L; QJ'H" ) ()

where this value is not actively used in the computational algorithm
and can be determined through post-processing.

ARTICLE pubs.aip.org/aip/pof

FIG. 5. P-PNM algorithm flow chart.

The parameters required for the algorithm include the exit
probability P, ; .;, the proportion of same-direction molecules in the
pore-throat P;; and the probability that the residence time of the
opposite-direction and same-direction molecules in the pore-throat
is shorter than kA, i.e., F¥ and F¥. These parameters are determined
by the geometry, temperature, adsorption time, and other physical
quantities.

In addition, we also need to determine two hyperparameters, K
(maximum pore-throat residence time steps) and At (time step), to
implement the numerical simulation. Once these parameters and
hyperparameters are obtained, we can simulate Knudsen diffusion in

Phys. Fluids 37, 096608 (2025); doi: 10.1063/5.0284757
Published under an exclusive license by AIP Publishing

37, 096608-7

0€:€0:7L G20z Joquaidas 60


pubs.aip.org/aip/phf

Physics of Fluids

porous media with arbitrary pore-body and pore-throat structures,
using this p-PNM method.

2. Key parameters in ball-stick structures

For demonstration, we derive the required parameters in the ball-
and-stick structures as shown in Fig. 1(c). We denote the radius of
pore-body i as R;, while the length and radius of pore-throat j as L; and
r;, respectively. The calculation methods are as follows:

(1) The exit probability of a molecule in pore-body i to pore-throat
j within one time step Pp; ;. Given that the residence time of
the molecule in the pore-body follows an exponential distribu-
tion, the exit probability for any time can be calculated based on
the exit probability and average time of a single straight-line
segment.

If a molecule is uniformly ejected from the inner surface of the
pore-body via diffuse reflection (satisfying Eq. 3) and collides
with the inner surface again, its average distance is 7R;/2. The
interface between the pore-body and pore-throat is a spherical
crown, and the probability of the molecule being ejected into
the pore-throat is approximated as the ratio of the crown
area to the sphere area: pyy = (1 — (1 — 4/r;/R;))/2. That is,
the probability of the molecule exiting the pore-body at time
ty = TIRZ/ZI_/ = TERZ'/Z\/ 8kBT,/T[m is Ppo-

Therefore, the exit probability of the molecule in the pore-body
within one time step At is

Pyij=1—exp[(At/to)In(1 — ppo)]. (12)

(2) The proportion of same-direction molecules in pore-throat j,

Py, and the probability that the residence time of the opposite-
direction (or same-direction) molecules in pore-throat j is
shorter than kAt, F¥ (or F¥). These parameters related to the
pore-throat are obtained directly from TPMC simulations. It
should be noted that the collected data depend only on the
length-to-diameter ratio of the pore-throat, eliminating the
need for separate simulations for structures with different pore-
throat radii.
Py; is assumed to be a function of the pore-throat length-to-
diameter ratio. Given that the proportion tends to 1 for very
short pore-throats and 0 for very long pore-throats, the TPMC
simulation data is fitted to the form a/ (a+(Lj/rj)h), yielding

B 2.118
2118+ (Li/n)

Pij 0.9079 * (13)

F¥ and F¥ are obtained by interpolating the CDFs of the resi-
dence distance for opposite-direction and same-direction mole-
cules. The residence distance is the distance a molecule travels
from entering to exiting a pore-throat. Due to scale indepen-
dence, the CDF of the ratio of the residence distance to the
pore-throat radius depends only on the pore-throat length-to-
diameter ratio. The CDFs are denoted as F;,(/;L;j/2r;) and
F;s(4;Lj/2r;), which are obtained from TPMC simulations.
Both functions equal 0 for negative /4 and 1 for sufficiently large
positive /. Using these CDFs, F¥ and E¥ are given by

ARTICLE pubs.aip.org/aip/pof

FZ,‘/FSI‘ =F)o/Fs (kAt\/4kB(T,-1 + Tp)/nm/7j; Lj/er). (14)

In the computational implementation, the discrete data points
of these CDFs are pre-stored in a file. During program execu-
tion, specific values are obtained through linear interpolation.
The adsorption feature. If the adsorption time f,,; is not zero,
the parameter calculation methods are modified as follows:

The exit probability becomes

Ppij =1—exp[(At/(ty + tap))In(1 — ppo)]. (15)

The probability that the residence time of the opposite-
direction and same-direction molecules in the pore-throat is
shorter than kAt becomes

5000
Fy/FE = Pno/Prs(n)

X F/l,o/F/l.s {(kAt - I’ltab)\/ 4kB(Til =+ T,z)/ﬂfm] . (16)

where Py,(n) and Py(n) are the probabilities of the number of
collisions of the opposite-direction and same-direction mole-
cules in the pore-throat, obtained from TPMC simulations. The
number of collisions is truncated to a maximum of 5000 to
ensure computational accuracy. These probabilities also depend
only on the pore-throat length-to-diameter ratio.

—
W
=

3. Hyperparameter setup

As discussed above, two hyperparameters: K (maximum pore-
throat residence time steps) and At (time step) need to be determined
before simulation. We note that these are not empirical parameters for
fitting, but are of very solid physical meaning and thus are subject to
clear constraints.

First, if At is much larger than the residence time within a specific
structure (pore-body or pore-throat), the approach of only considering
the transfer probability between adjacent structures leads to significant
errors; if it is too small, comparable to or shorter than the flight time of
a molecule, the presumption of adopting probability would fail.
Moreover, F¥ and F¥ are essentially samples of the CDFs, where K rep-
resents the number of sampling points and At is the sampling interval.
The accuracy of the CDFs’ representation directly impacts the precision
of the p-PNM simulation. Therefore, a larger K is favored for accuracy,
but increasing K also increases computational cost. Additionally, At
must be carefully chosen: if it is too large, details of the CDFs may be
lost; if it is too small, a larger K is required to maintain accuracy.

We set the hyperparameters by comparing the self-diffusion coef-
ficients obtained from p-PNM (D,.q) and TPMC simulations (D, )
in the ball-and-stick structures as shown in Fig. 1(c) with uniform tem-
perature. We evaluate the algorithm based on relative error
(Dpred — Dyim ) / Dsim. The self-diffusion simulations are performed on
a 51 x 51 x 51 PNM (51 pore-bodies in each x, y, and z direction).
The coordinates of the central pore-body are set as the origin, and the
initial condition is set as p; =1 for the central pore-body and 0 for all
other pore-bodies. After simulating a period, the change in MSD over
time is obtained, and the self-diffusion coefficient is derived from the
slope of the linear fitting [Eq. (4)]. In addition, the MSD is calculated
as the sum of the product of the probability of each pore-body and the
square of its distance from the origin.
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FIG. 6. (a) Relative eror of the self-diffusion coefficient when the dimensionless pore-throat radius is 0.5 and the pore-throat length-to-diameter ratio is 10.27, predicted by the p-
PNM algorithm as a function of the hyperparameters: the time step At (normalized by the characteristic residence time ;) and the maximum pore-throat residence time steps K. (b)
Self-diffusion coefficients predicted by the p-PNM algorithm and TPMC results for various dimensionless pore-throat radii, pore-throat lengths, and average adsorption times.

The result of the relative error varying with the two hyperpara-
meters is shown in Fig. 6(a). The relative error is minimized when At
approaches the characteristic residence time in the pore-throat 7, and
the relative error decreases as the K increases. The characteristic resi-
dence time in the pore-throat 7, is given by

7= (PyFLl(05) + (1= Py)F;5(05)) /7

5000 5000
+ tag | Prj (ZnPNs(n)) +(1 P,J)<ZnPND(n)> (17)
=i n=0

n=0

Here, F;_ul and Fisl represents the inverse functions of the CDFs, and
F;}(0.5) and F;!(0.5) are the median residence distances of the
opposite-direction and same-direction molecules, respectively.

To balance computational efficiency and accuracy, we adopt
K=20 and set the time step At to t,. In addition, when applying the p-
PNM algorithm to media with a very wide pore size distribution,

selecting an appropriate time step (At) becomes challenging.

C. Validation

The results for different dimensionless pore-throat radii, pore-
throat length-to-diameter ratio, and average adsorption times are shown
in Fig. 6(b). In most cases, the relative errors do not exceed 20% (See
supplementary material Sec. 6). The p-PNM approach is thus capable of
simulating the diffusion process of rarefied gas in porous media, pro-
vided the pore structure and other physical information are known.

IV. APPLICATIONS TO UPSCALING RAREFIED GAS
DIFFUSION SIMULATION

In this section, we demonstrate p-PNM’s capability to: (1) predict
diffusion coefficients in sedimentary porous media, (2) model heteroge-
neous systems, and (3) simulate temperature-driven diffusion processes.

A. Calculation of the diffusion coefficient of
sedimentary media
To validate the applicability of the p-PNM method to general

porous media, we compared diffusion coefficients obtained from
TPMC simulations with p-PNM predictions for three representative

sedimentary structures (simple cubic (SC), face-centered cubic (FCC),
and body-centered cubic (BCC) equal-diameter spherical packings)
across varying average adsorption times. The pore structure is repre-
sented as an equivalent ball-and-stick model, from which the essential
parameters for p-PNM implementation are derived. This representa-
tion enables the application of our p-PNM methodology for diffusion
coefficient calculations.

Since the P-PNM method is sensitive to the pore structure, a suit-
able pore body-throat division method is required. The porous struc-
tures are transformed into equivalent ball-and-stick models using a
two-step procedure. First, the Maximal Ball (MB) algorithm™*
decomposes the pore space into maximal inscribed spheres (MISs)—
spheres that cannot be fully contained within any other inscribed
sphere. This identifies pore-bodies as locally maximal MISs and pore-
throats as the constricted connections between them, with pore-throat
radii defined by the smallest MIS in each connecting region. Second,
we address the MB method’s underestimation of porosity and charac-
teristic pore sizes through geometric corrections: (1) pore-throat radii
are redefined using the circumscribed circle radius at the tangent
points between pore-body MISs and the solid matrix (adopting the
smaller value when asymmetric pore body-throat connections occur),
and (2) pore-body radii are systematically enlarged until the ball-and-
stick model’s porosity converges with the measured bulk porosity of
the original packing structure.

As shown in Fig. 7(a), the p-PNM predictions for SC, FCC, and
BCC packings are mostly of error less than 40% compared to the
TPMC-simulated values, across distinct normalized adsorption times
(t:;=0, 2.17, 21.68, and 216.8), where t'; = Vt,q/Rs and R; is the
sphere radius. Details of pore-body and pore-throat division are pro-
vided in the supplementary material Sec. 7.

B. Simulation in heterogeneous and irregular media

For heterogeneous and irregular systems, the TPMC algorithm
becomes an impractical computational challenge in calculating the
signed distance field. In contrast, the p-PNM algorithm readily
accommodates such systems through direct assignment of geometric
parameters to pore-bodies and pore-throats. In our implementation,
we construct p-PNMs with fixed pore-throat radii (+*=0.2) and
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FIG. 7. (a) Dimensionless self-diffusion coefficients (normalized by Rs /v, where Rgis sphere radius) predicted by the p-PNM algorithm and TPMC results for three sphere pack-
ings: simple cubic (SC), face-centered cubic (FCC), and body-centered cubic (BCC). Calculations are performed for average dimensionless adsorption times t; = Vt,q/Rs at
values 0, 2.17, 21.68, and 216.8. (b) Diffusivity variations across different uniform pore-body radius distributions (with constant mean radius, which is used for normalization) for
ten randomly generated 11 x 11 x 11 p-PNMs. These p-PNMs feature: (1) pore-body centers positioned on cubic lattice vertices (dimensionless side length of 4), and (2) fixed
dimensionless pore-throat radii (r« = 0.2). The subgraph is a schematic diagram of a heterogeneous PNM, with color representing the dimensionless pore-body radius. (c)
Mean diffusion coefficient and the standard deviation as a function of p-PNM size (pore-body number per dimension). These p-PNMs feature: (1) pore-body centers positioned
on a cubic lattice vertices (dimensionless side length of 4), (2) fixed dimensionless pore-throat radii (r+ = 0.2), and (3) dimensionless pore-body radius that is uniformly distrib-
uted between 0.8 and 1.2. (d) Temporal evolution of dimensionless number density (normalized by initial density) in the middle 29 units as a function of the pore-body tempera-
ture in a closed 31 x 1 x 1 PNM (r« = 0.5, Lx = 2.27). The probability is inversely proportional to the square root of the temperature at the steady state.

constant pore-body center-to-center distances (arranged on cubic
lattices with dimensionless side length =4), while pore-body radii
follow uniform distributions with varying ranges but constant expec-
tation values (used for normalization), to simulate Knudsen diffu-
sion under non-adsorbing, isothermal conditions. The distribution
of dimensionless pore radii is divided into four cases: (1) all pore-
bodies have the same radius; (2) the maximum dimensionless
radius is 1.05 and the minimum is 0.95; (3) the maximum dimen-
sionless radius is 1.1 and the minimum is 0.9; and (4) the maximum
dimensionless radius is 1.2 and the minimum is 0.8. For each case,
we generate 10 independent realizations of closed 11 x 11 x 11
p-PNMs to compute the total diffusion coefficient. As shown in
Fig. 7(b), the results demonstrate a clear trend where increased geo-
metric heterogeneity correlates with broader distributions of the cal-
culated diffusion coefficients. In addition, we also discussed the
effects of heterogeneity in adsorption energy caused by differences in
mineral composition in regolith, as shown in supplementary mate-
rial Sec. 8.

We employed p-PNMs of varying dimensions to identify the
REV. Specifically, p-PNMs of sizes 5x5x5, 11x11x1lI,
51 x 51 x 51, and 101 x 101 x 101 are generated following the
aforementioned scheme, with the dimensionless pore-body radius
ranging from 0.8 to 1.2. For each p-PNM size, we produced 10 ran-
dom samples and conducted self-diffusion simulations to compute
the diffusion coefficients. The mean diffusion coefficients and their
standard deviations for each size are illustrated in Fig. 7(c). We
define the REV as the smallest volume where the coefficient of varia-
tion (CV, defined as standard deviation/mean) remains below 5%.”
Based on our analysis, a p-PNM of at least 51 x 51 x 51 satisfies this
criterion (CV =2.9%). In addition, Liu and Wangf4 demonstrate
that the REV size for porosity is approximately 2.5 grain diameters,
while the REV size for permeability varies from 15 to 25 grain diam-
eters in both single-phase and two-phase flow systems. Considering
the number of pore-bodies should be of the same order of magnitude
as the number of grains, our results for the Knudsen condition are
consistent with the conclusion.
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C. Dynamic diffusion under temperature gradient

The TPMC method is computationally expensive for simulating
long-term dynamic temperature-driven diffusion processes. In con-
trast, the p-PNM method offers an efficient alternative. A closed
31 x1x1 p-PNM is constructed, with different pore-bodies set at
different temperatures but identical structures and initial number den-
sities. The dimensionless pore-throat radius is 0.5, and the dimension-
less pore-throat length is 2.27. As shown in Fig. 7(d), the number
density (normalized by the initial number density) of the middle 29
units is plotted as a function of temperature and time. When the sys-
tem reaches a steady state, the number density is found to be inversely
proportional to the square root of the temperature. This shows that the
p-PNM approach can effectively simulate the thermal transpiration
effect’”® under Knudsen conditions. This phenomenon occurs
because the flux of an equilibrium rarefied gas is proportional to the
product of the number density and the average velocity, and the aver-
age velocity is proportional to the square root of the temperature.

The p-PNM method enables the quantitative determination of
volatile molecules’ Soret coefficient (S7), which characterizes thermo-
diffusion.”” The Soret coefficient™” is defined as

Ve=—cStVT, (18)

where T is temperature, and ¢ is the molecular concentration of a
steady zero current state. Our investigation employed the same
p-PNM with an imposed linear temperature gradient of 0.01K per
pore-body superimposed on a base temperature field. The simulated
Soret coefficients for water exhibit temperature dependence, decreas-
ing from 5.94 x 10> K" at 100K to 2.35x 107> K" at 200K. In
addition, the value varies with the geometric parameters.

V. LIMITATION OF THE p-PNM APPROACH

We note that this p-PNM method, although enabling faster simu-
lation with acceptable accuracy, does have limitations due to the neces-
sary simplifications:

(1) This approach neglects molecule-molecule collisions and is
only applicable to cases with extremely high Knudsen numbers,
which need major modification if the Knudsen number is close
to one.

(2) This approach may not be suitable for scenarios with strong
geometric or temperature heterogeneity, as it largely narrows
down or even eliminates the appropriate domain to select
hyperparameters.

(3) This approach is only applicable to structures with clearly
defined pore body-throat divisions and is not suitable for special
media such as fibrous structures.

(4) The model cannot characterize the effects of microporosity on
the particle surface, which needs technical improvement in the
future.

VI. CONCLUSION

In this work, we investigate Knudsen diffusion in porous media
with TPMC simulation and propose a probability-based PNM
(p-PNM) method to model upscaled Knudsen diffusion in porous
media, in order to study the volatile migration in the surface regolith
of airless bodies. This p-PNM method greatly improves the calculation
efficiency of Knudsen diffusion in porous media at the REV scale, and

ARTICLE pubs.aip.org/aip/pof

obtains an error of less than 20% within typical structures. The key
findings include:

(1) Knudsen diffusion coefficient depends on both geometry and
adsorption, which decreases with increasing structural obstruc-
tion (longer pore-throats and smaller pore-throat radii). The
self-diffusion coefficient is inversely proportional to the average
adsorption time when the adsorption time is much longer than
the flying time.

(2) We identify the pore body-throat duality for Knudsen diffusion
in porous media. Pore-bodies exhibit Knudsen-isotropy (the
exit direction of molecules in pore-bodies is uniformly distrib-
uted) and satisfy the Markov property (the exit probability of
molecules in pore-bodies is independent of their residence
time), while pore-throats are Knudsen-anisotropic and do not
satisfy the Markov property.

(3) We develop a p-PNM approach to model upscaled Knudsen
diffusion behavior in porous media. Compared to TPMC, the
p-PNM method requires significantly fewer computational
resources and eliminates the stochastic noise inherent in
TPMC, making it suitable for larger spatial and temporal scales.
The method achieves an accuracy within 20% in predicting
REV scale diffusion coefficients for typical structures.

(4) Given the pore-body and pore-throat geometry and relevant physi-
cal parameters, the p-PNM method can: (1) predict diffusion coef-
ficients in sedimentary porous media, (2) model heterogeneous
systems, and (3) simulate temperature-driven diffusion processes.

This p-PNM approach can be applied for modeling volatile
migration near the surface of airless bodies, to reveal near-surface
redistribution, escape, and interplanetary propagation of volatile com-
ponents in space, for geoscience and engineering purposes.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional details for this arti-
cle include the following eight sections:

Section 1: Collision Detection Threshold Configuration.

Section 2: Consistency of Self-Diffusion Coefficient is Consistent
with the Fickian-type Diffusion Coefficient.

Section 3: Theoretical Diffusion Coefficient in Infinite Long Tubes.
Section 4: Estimation of Average Adsorption Time in Lunar
Regolith (Soil).

Section 5: Residence Time Dependence of the Proportion of
Same-direction Molecules.

Section 6: Predictive Accuracy of p-PNM for Homogeneous Ball-
and-Stick Structures.

Section 7: The Pore-body and Pore-throat Divisions of Different
Sedimentary Media.

Section 8: Effect of Adsorption Heterogeneity.

These sections provide further methodological details, datasets,
and analyses referenced in the main text.
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